It is shown that a general radial conformal Killing vector in Minkowski space-time can be associated to a generator of time evolution in conformal quantum mechanics. Among these conformal Killing vectors one finds a class which maps causal diamonds in Minkowski spacetime into themselves. The flow of such Killing vectors describes worldlines of accelerated observers with a finite lifetime within the causal diamond. Time evolution of static diamond observers is equivalent to time evolution in conformal quantum mechanics governed by a hyperbolic Hamiltonian and covering only a segment of the time axis. This indicates that the Unruh temperature perceived by static diamond observers in the vacuum state of inertial observers in Minkowski space can be obtained from the behaviour of the two-point functions of conformal quantum mechanics.
INTRODUCTION
Do static observers with a finite lifetime in Minkowski space perceive the quantum vacuum as a thermal state? In this note we unveil a connection between the symmetries of causal diamonds, regions in Minkowski space-time defined by the intersection of past and future light cones of two events, and time evolution in conformal quantum mechanics, a 0 + 1-dimensional field theory with conformal invariance [1] . This connection provides group theoretic evidence for a diamond temperature associated to static observers within the diamond. Radial conformal symmetries of Minkowski space-time have been studied and classified in [2] .
These conformal Killing vectors, according to the sign of their norm, divide Minkowski space-time into subregions with null boundaries. It has been recently appreciated [3, 4] that the structure of these regions is analogous to the space-time associated to the inner and outer horizons of a Reissner-Nordstrom black hole. In fact one can associate to the null boundaries generated by radial conformal Killing vectors thermodynamical relations analogous to the one satisfied by black holes. Causal diamonds can be seen as one type of these covariant subspaces. The conformal KIlling vectors generating transformations which map diamonds into themselves are a special class of radial conformal Killing vectors given by a combination of the generators of time translations and special conformal transformations. The integral curves of these diamond Killing vectors are worldlines of observers moving with constant acceleration and indeed their worldlines can be obtained from a conformal mapping of the trajectories followed by accelerated observers in the Rindler wedge [5, 6] .
As a consequence one naturally expects these diamond observers to experience phenomena like the Unruh effect whereby the vacuum state for inertial observers appears to accelerated observers as a thermal state. Arguments in support of the existence of a diamond temperature associated to these observers were given for the first time in [5] based on a conjecture known as thermal time hypothesis.
More recently, in [7] , thermal effects associated to the restriction of the space-time domain to a causal diamond where studied introducing a set of Rindler-like diamond coordinates and analyzing the response function of a Unruh-DeWitt detector with Hamiltonian appropriately rescaled in order to be a constant of motion under the diamond time evolution. In this note we illustrate how the connection between diamond time evolution and hyperbolic time evolution in conformal quantum mechanics provides further evidence for the existence of a diamond temperature. Our analysis also shows that, within the framework of conformal quantum mechanics, thermal effects associated to a notion of time evolution which effectively restricts the time domain to a finite region can be derived starting from representations of the SL(2, R) group, thus providing an example of quantum system in which a phenomenon in essence analogous to the Unruh effect can be rooted on group theoretic grounds.
In the next Section we exhibit the connection between radial conformal Killing symmetries in Minkowski space-time and time evolution in conformal quantum mechanics. In particular we show that conformal Killing vectors which map a causal diamond into itself are related to the generator of hyperbolic time evolution in conformal quantum mechanics. In Section 3 we notice that twopoint functions of conformal quantum mechanics, seen as a CF T 1 , which express correlations of quantum states whose time evolution is governed by a hyperbolic Hamiltonian have a thermal character. The correspondence between this time evolution and diamond time is then used to connect such two-point functions, for a particular value of the conformal weight, with the one for a massless field along the diamond static trajectory and thus connecting the diamond temperature with the hyperbolic temperature in CF T 1 . The final Section 4 is devoted to a brief summary and outlook.
RADIAL CONFORMAL SYMMETRY AS TIME EVOLUTION

Let us consider the line element of Minkowski space-time in spherical coordinates
where dΩ 2 = dθ 2 + sin 2 θ dφ 2 . The most general radial conformal Killing vector [2] , i.e. a radial vector field ξ such that the Lie derivative L ξ of the Minkowski metric η µν is proportional through a constant factor to the metric itself L ξ η µν ∝ η µν , is given by
where a, b, and c are arbitrary real constants. Such conformal Killing vector can be written as a linear combination of generators of time translations
and special conformal transformations along the time direction
as
Notice that these generators close the sl(2, R) algebra
The starting observation of this note is that time evolution in conformal quantum mechanics [1] is determined by a Hamiltonian which in its most general form is given in the literature as
where H, D and K again belong to the sl(2, R) algebra
More precisely, the generators H, D and K are the "quantum mechanical" counterparts of P 0 , D 0 and K 0 in the sense that H = iP 0 , K = iK 0 , D = iD 0 , and thus G = iξ if we make the identification u = c, v = b and w = a. Such generators are strictly related to the isometries of AdS 2 and indeed P 0 , D 0 and K 0 , as given in (3), (4) and (5), can be identified with the Killing vectors of AdS 2 in Poincaré coordinates [8, 9] .
There are three types of Hamiltonians which can not be connected to another via the adjoint action of SL(2, R) [1, 8, 10] and thus belong to different conjugacy classes. Such classification can be obtained by noting that the invariance of the sl(2, R) Casimir
is reflected in the invariance of the determinant of the matrix
and the various Hamiltonians in conformal quantum mechanics can be classified according to the sign of ∆ = b 2 − 4ac :
-∆ < 0: these are generators of elliptic transformations. The generator of rotations
falls into this class. Notice the introduction of the constant α with dimensions of length, needed to render R dimensionless which will be crucial for what follows. The spectrum of such Hamiltonian is discrete and a basis of eigenstates of R was introduced in [1] and used in [11, 12] to construct the two-point functions of the theory which we will use below. One of the main upshots of this letter will be to give a geometrical interpretation of the constant α.
-∆ = 0: these operators generate parabolic transformations or, if we look at the correspondence between SL(2, R) and the three-dimensional Lorentz group SO(2, 1), null rotations.
Representatives of this class are H and K.
-∆ > 0: these are generators of hyperbolic transformation or boosts from the Lorentz group perspective. The generator of dilations D and the combination
which will be central for what follows, fall into this class.
The corresponding classification from the point of view of radial conformal Killing vectors in
Minkowski space was given in [2] . Such classification deals with the sign of the Minkowski norm of the conformal Killing vector which turns out to be determined by ∆. Indeed it can be shown that [2] (see also [3, 4] ) -For ∆ < 0 the radial conformal Killing vector is everywhere timelike.
-For ∆ = 0 the radial conformal Killing vector is also everywhere timelike except that for the light cone emanating from t = −(b/2a), r = 0.
-For ∆ > 0 it is null on the light cones at the points t = t ± , r = 0 where t ± = −b± √ ∆ 2a , time-like inside either lightcone or outside both light cones and space-like everywhere else.
Notice that setting b = 0 just makes everything symmetric about the origin t = 0, r = 0. Now let us consider the time evolution determined by the three representative Hamiltonians H, R and S. These cases were already considered in [1] . If we write
one can define new time variables T and τ such that
These three variables are related in conformal quantum mechanics through [1] t = α tan(T /2) = α tanh(τ /2) .
An analogous association can be made with coordinates in Minkowski space. To see this let us notice that the generator S = i∂ τ of translations in the time variable τ in conformal quantum mechanics can be written as a differential operator in Minkowski space-time in spherical coordinates as
This generator corresponds to the special class of radial conformal Killing vectors which map a causal diamond, i.e. the region |t| + |r| < α, into itself [3, 4, 13] 
Through this correspondence we see that the length scale α introduced in conformal quantum mechanics is related to the size of a causal diamond in Minkowski space, indeed 2α is the length of the vertical axis of the diamond, or the finte lifetime of a static observer sitting at the origin.
In spherical coordinates the Hamiltonian H = i∂ t is simply the generator of translations in the inertial time coordinate t. A set of coordinates in Minkowski space "adapted" to the radial Killing vector ζ = −iS, i.e. such that iζ = S = i∂ τ , is given by
The Minkowski line element in this diamond coordinates reads
which is evidently conformally related to the metric (1).
Integral curves of a generic radial conformal Killing vector were obtained in [2] . In the special case of the conformal Killing vector (17) (i.e. when a = − 1 2α , b = 0 and c = α 2 in (2)) they are given by the one-parameter family of hyperbolae in the r − t plane
parametrized by ω = 0. Each one of these curves 2 can be seen as the worldline of an accelerated observer with finite lifetime confined to the causal diamond of size 2α. From the four-velocity of observers static with respect to diamond time, i.e. observers whose worldlines are given by the curves (22) , one can derive the acceleration
which is constant along each integral curve and is related to the parameter ω = 1 tanh x . Thus a translation in the diamond variable x maps worldlines of observers with different acceleration into another. Diamond observers passing through the origin x = 0 have vanishing acceleration and follow the same worldline of a static inertial observer sitting at the origin. From (19) we see that inertial time and diamond time at x = 0 are related by
i.e. the same relationship between H-time and S-time variable in conformal quantum mechanics!
DIAMOND TEMPERATURE ON THE REAL LINE
In Minkowski space-time the vacuum state associated to the free Hamiltonian of inertial observers is perceived as a thermal state populated of excitations associated to the "boost"
Hamiltonian generating time evolution for uniformly accelerating observers. This is the celebrated Unruh effect [14] . In [15] it was shown how, also in the simplest case of A natural question that arises is whether a similar effect can be identified in a one dimensional quantum system with a larger group of symmetries. This is the case of conformal quantum mechanics [1] . Such model can be seen as a 0 + 1-dimensional field theory like the one considered in [15] in which, besides translations and dilations, one also considers special conformal transformations i.e. the group generated by the algebra (9) . The standard construction [1] of this field theory starts from the introduction of a set of eigenstates of the generator of roations R, |n , carrying an irreducible representation of SL(2, R)
R |n = r n |n (25a) r n = r 0 + n, r 0 > 0, n = 0, 1 . . .
with inner product n|n ′ = δ n n ′ , where
and |n = 0 is the "R-vacuum". The constant r 0 is related to the eigenvalue of the Casimir operator of sl(2, R)
We now look for states |t labelled by a time variable t on which H acts as a generator of translations [1] H |t = −i d dt |t .
The action of the other generators on these states in terms of time derivatives will be given by
so that they close the algebra (9) The |t states can be characterized by looking at their overlap with |n states. Using the fact that the latter are diagonal under the action of the generator R one can write the following differential equation
which can be solved to give [1] t|n = (−1) n Γ(2r 0 + n) n!
time translation |t = e iHt |t = 0 = Γ 1/2 (2r 0 ) 2 2r 0 e (α+it) H |n = 0 .
From (32), using the completeness of the states |n , one can derive the inner product of |t states
which are thus not orthonormal. In [11] the authors propose to identify the inner product (34) with the two-point functions of a CF T 1
with conformal weight r 0 . For r 0 = 1 such two-point function is identical, modulo a constant factor, to the two-point function of a free massless scalar field in Minkowski space-time in the inertial vacuum, evaluated along the trajectory of a static inertial observer sitting at the origin.
In other words two-point correlators for a massless field along the worldline of static observers in Minkowski space-time are in correspondence with two-point functions of conformal quantum mechanics for the states |t .
There is a subtlety concerning the states |t , discussed in detail in [11, 12] . As mentioned above, such states can be obtained by acting on the R-vacuum with the operator
As it was already noticed in [1] , 
Let us now look at the action of the generator S on the kets |t
Accordingly we will have new states |τ associated to this time variable
such that [12] S |τ = −i d dτ |τ .
The two-point function associated to the new kets is then given by
This two-point function is periodic in imaginary time and it is associated to a thermal state at temperature T = 1 2π . Such thermal character has been linked in the literature to the temperature perceived by a static patch observer in de Sitter space [16, 17] .
Here we show that there is a direct connection between the thermal two-point function of conformal quantum mechanics (42) and the one associated to a static diamond observer. Let us first note that the time variable τ associated to the S generator, as customarily defined in conformal quantum mechanics, i.e. as in equation (16), is dimensionless. The right dimensions can be recovered by defining a new time variable multiplied by a factor containing the length scale α.
We can determine such factor by requiring the generator of diamond time translations to match the generator of inertial time translations H when the size of the diamond goes to infinity, i.e. defining a new generator S ′
This choice can be realized by introducing new diamond coordinates τ ′ = α 2 τ , x ′ = α 2 x so that S ′ = i∂ τ ′ and with inertial time related to the new diamond time for worldlines passing through the origin via (see (24) )
The choice of Hamiltonian (43) is justified since S ′ generates time translations for the static diamond observer and when the observer's lifetime goes to infinity, α → ∞, her notion of time coincides with that of a static inertial observer t = τ ′ (as it is evident from (44)). Similarly for what happens with translations associated to the dilation generator in the case of the affine group [15] , here the time translations associated to the generators S and S ′ only cover a portion t ∈ (−α, α) of the time line when τ and τ ′ range from −∞ to ∞. In analogy with the change of variable from t to τ we can now define new kets |τ ′ whose two-point function for r 0 = 1 is given by
This is a thermal two-point function at temperature
which is exactly the diamond temperature for a finite lifetime observer found in [5] using the thermal time hypothesis 3 . The two-point function (45) coincides (modulo a (2α 2 /π) 2 factor) with the two-point function of a massless scalar field evaluated along the trajectory of a Rindler observer moving with constant acceleration a = 2 α whose proper time is τ ′ [7, 18, 19] . The coincidence of the two-point function of a massless scalar field written in Rindler-like diamond coordinates with such two point function was exploited in [7] in order to derive the diamond temperature (46) using a Unruh-DeWitt detector with a rescaled Hamiltonian. The effect of such rescaling is to multiply the two-point function in the Minkowski vacuum used to calculate the detector's response function [7] by a non-trivial factor. This factor, from the point of view of the corresponding conformal quantum mechanics, results from the non-trivial transformation properties of the kets (40) when writing the two-point function in terms of the hyperbolic time variable τ .
CONCLUSIONS
Causal diamonds play a fundamental role in the understanding of thermodynamic properties of space-time and gravity [20] [21] [22] . According to the covariant entropy bound [23] they also have holographic properties: one can associate a Bekenstein-Hawking entropy to the null boundary of the causal diamond. In this note we exhibited a deep connection between the radial symmetries of causal diamonds and time evolution in conformal quantum mechanics, a one-dimensional quantum field theory which appears to play an important role in a variety of contexts from cosmology
